In this paper, model-theoretic properties of companions of fragments of special subsets in admissible enrichments are considered. Admissible enrichments are understood as enrichments of a signature that preserve the basic syntactic properties of the Jonsson theory under consideration. The study of the properties of companions of the Jonsson theory is related to the classical problematics of studying inductive theories, which was determined at the time by one of the founders of the theory of models A. Robinson. In this paper, the main properties of companion fragments of definable subsets of the semantic model of a given Jonsson theory is categoricity and it is considered.
Let us single out two directions in the development of model theory. In the well-known book H.J. Keisler they are called the western and eastern theory of models, since one of the founders of the theory of models A. Tarski lived on the west coast of the United States since 1940, and another founder A. Robinson -in the east. Western theory of models develops in the traditions of Skolem and Tarski. It was more motivated in theory, analysis and set theory, and it uses all formulas of first-order logic.
The Eastern theory of models develops in the traditions of Maltsev and Robinson. It was motivated by problems in abstract algebra, where the theory formulas usually have at most two blocks of quantifiers. It emphasizes the set of quantifier-free formulas and existential formulas. Unlike the Western theory of models, which studies complete theories, Eastern model theory generally deals with incomplete thorium. The class of incomplete theories is wide enough, so we can confine ourselves to inductive theories ( ∀∃-axiomatizable). In the sense of completeness of the theory considered, the maximum requirement, as a rule, is ∀∃-completeness. All these conditions are satisfied by the Johnson theories. Thus, we conclude that the study of Johnson's theories refers to its essence to the problems of the eastern theory of models.
This article is related to one of the branches of Model Theory, and more precisely to studying of Jonsson sets. This part of Model Theory is concerned with the study of incomplete inductive theories and more precisely Jonsson theories and some of their generalizations [1] . Actually it examines the model-theoretical properties of Jonsson subsets of semantic model of some Jonsson theory. In particular the lattice of special formulas of such sets is considered.
In the study of complete theories, one of the main methods is to use the properties of a topological space. In the case of a fragment of a Jonsson set, one can consider a lattice of existential formulas, which is a sublattice of Boolean algebra. The main goal of this article is to develop the basic concepts and methods of that part of the theory of models, which will provide an opportunity for fruitful research of Jonsson theory and some of its generalizations, taking into account modern developments in model theory. Our technique is standard for studying incomplete theories. The method of research consists in translating the elementary properties of the center of Jonsson theory into the theory itself.
This article discusses the method of studying Jonsson theories, first proposed by T.G Mustafin in [2] . The basis of this method is the natural connection of the class of models of arbitrary Jonsson theory T with the class of models of the theory T * , where T * = T h(C) and C are T universal, T homogeneous model of the theory T . The model C exists by the Morley-Vaught theorem [3] , thereby C is semantic, and T * is a syntactic invariant of the Jonsson theory of T . The weak point of such an approach to the study of Johnson theories is the presence in the proof of the Morley-Vaught theorem a hypothesis about the existence of a strongly unreachable cardinal. To avoid set-theoretic problems allows a change in the definition of the semantic model (T universal, T homogeneous model of the theory T ). This was done in the work of E.T. Mustafin [4] .
In the future, we will adhere to the method proposed by T. G. Musafin in [2] only with a change in the definition of the semantic model in [3] . Designations are standard as in [5] . All indefinable concepts here are considered known and can be found in [5] . We give the necessary definitions of the basic concepts of this article.
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Preliminary Information on Jonsson theories
Consider the theory T of a countable language of first order L. Definition 1.1. A theory T is Jonsson if: 1) theory T has infinite models; 2) theory T is inductive; 3) theory T has the joint embedding property (JEP ); 4) theory T has the property of amalgam (AP ). Definition 1.2. Let κ ≥ ω. Model M of theory T is called κ-universal for T , if each model T with the power strictly less κ isomorphically imbedded in M ; κ-homogeneous for T , if for any two models A and A 1 of theory T , which are submodels of M with the power strictly less then κ and for isomorphism f : A → A 1 for each extension B of model A, wich is a submodel of M and is model of T with the power strictly less then κ there is exist the extension B 1 of model A 1 , which is a submodel of M and an isomorphism g : B → B 1 which extends f . Definition 1.3. A homogeneous-universal for T model is called κ homogeneous-universal for T power model κ, where κ ≥ ω.
The following sentences can be found in [6] 2. If there exists a model M κ-homogeneous-universal for T of cardinality κ, then it is unique up to isomorphism. In addition, the model is M κ-homogeneous, i.e. any isomorphism between two submodels A and B of a model M of cardinality is strictly less than κ, which are models of the theory T , extends to an automorphism M .
We show that in the framework of the definition of homogeneity and universality from [6] the following is true: Definition 1.4. A model C of a Jonsson theory T is called a semantic model of the theory T , if it is ω + -homogeneous-universal in the sense of [6] . Definition 1.5. A model A of the theory T is called T -existentially closed if for any model B of the theory T and any existential formula ϕ(x) with constants from A is A |= ∃xϕ(x) provided that, A is a submodel B and B |= ∃xϕ(x).
In connection with the definition 1.4, the following fact is true. Lemma 1.1. The semantic model C of the Jonsson theory T is T -existentially closed.
Proof. Let C have cardinality κ ≥ ω. Let M be some extension of C cardinality 2 κ1 , which exists by virtue to the fact [6; 0.1]. The model M is isomorphically embedded in M 1 by virtue of κ
(1), M 1 and C are elementarily equivalent. So, C |= ∃xϕ(x, m). Thus, C -T -exsentially closed.
The following fact was considered in [6] . . Let T is a Jonsson theory. Then the following conditions are equivalent: -theory T is perfect; -theory T * is a model companion of theory T . Consequence 1.1. Let T be a Jonsson theory. Then the following conditions are equivalent:
, where F T is a class of generic models T (in the sense of Robinson finite forcing).
Moreover, you can notice the following: Remark 1.1. Perfectness of the Jonsson theory is equivalent to the model completeness T * .
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Companions of fragments in admissible enrichments
2 Countable and uncountable categoricity
The purpose of this section is to give proof of two results (Theorems 2.5 and 2.9) related to the countable and uncountable categorical nature of the center of some classes of Jonsson theories. We define the concepts and related results necessary for the proof of Theorem 2.5.
Definition 2.1. The inductive theory T is called the existentially prime if: it has a algebraically prime model, the class of its AP (algebraically prime models) denote by AP T ; class E T non trivial intersects with class AP T , i.e. AP T E T = 0.
Definition 2.2. The theory is called convex if for any its model A and for any family {B i | i ∈ I} of substructures of A, which are models of the theory T , the intersection i∈I B i is a model of T . Definition 2.3. Let X be ∆ − cl-Jonsson subset of semantic model of fixed Jonsson theory and let cl : P (X) → P (X) be an operator on the power set of X. We say that (X, cl) is a Jonsson pregeometry if the following conditions are satisfied.
is a Jonsson pregeometry, we say that A is Jonsson independent if a / ∈ cl(A \ {a}) for all a ∈ A and that B is a J-basis for Y if is J-independent and Y ⊆ acl(B).
Lemma 2.1.
Definition 2.5. We say that a J-pregeometry (X, cl) is J-geometry if cl(∅) = ∅ and cl({x}) = {x} for any x ∈ X.
If (X, cl) is a J-pregeometry, then we can naturally define a J-geometry. Let X 0 = X \ cl(∅). Consider the relation ∼ on X 0 given by a ∼ b if and only if cl({a}) = cl({b}). By exchange, ∼ is an equivalence relation. Let X be X 0 / ∼. Define cl on X by cl(A/ ∼) = {b/ ∼: b ∈ cl(A)}.
Lemma 2.3. If (X, cl) is a J-pregeometry, then ( X, cl) is a J-geometry. Definition 2.6. Let (X, cl) be J-pregeometry. We say that (X, cl) is trivial if cl(A) = Y a∈A cl{a} for any A ⊆ X. We say that (X, cl) is modular if for any finite-dimensional closed Jdim(A∪B) = Jdim(A)+Jdim(B)− −Jdim(A ∩ B)
We say that (X, cl) is locally modular if (X, cl a ) is modular for some a ∈ X. Definition 2.7. We say that (X, cl) is modular if for any finite
Definition 2.8. If X = C, then the Jonsson theory of T is called modular. Theorem 2.1. Let (X, cl) be J-pregeometry. The following are equivalent. 1) (X, cl) is modular; 2) if A ⊆ X is closed and nonempty, b ∈ X, and x ∈ cl(A, b), then there is a ∈ A such that x ∈ cl(a, b); 3) if A, B ⊆ X are closed and nonempty, and x ∈ cl(A, B), then there are a ∈ A and b ∈ B , such that x ∈ cl(a, b).
Definition 2.9. [7] . A is called (Γ 1 , Γ 2 )-the atomic model of T theory, if A model T and for each n, each n-k elements from A satisfies some formula from Γ 1 , which is complete for Γ 2 -formulas.
Theorem 2.2. If L is a countable language and T is a complete ω-categorical theory, then T has a ω-categorical model companion.
Definition 2.10. Let X ⊆ C. We will say that a set X is ∇ − cl-Jonsson subset of C, if X satisfies the following conditions: 1) X is ∇-definable set (this means that there is a formula from ∇, the solution of which in the C is the set X, where ∇ ⊆ L, that is ∇ is a type of formula, for example ∃, ∀, ∀∃ and so on); Р е п о з и т о р и й К а р Г У 2) cl(X) = M , M ∈ E T , where cl is some closure operator defining a pregeometry [8; 289] over C (for example cl = acl or cl = dcl).
Definition 2.11 [7] . 1. A, a 0 , ..., a n−1 ⇒ Γ (B, b 0 , ..., b n−1 ) means that for each formula ϕ(x 0 , x 2 , ...,
Definition 2.12.
A is called a Σ-nice-algebraically prime model of T , if
A is a countable model of T and for each model of B theory of T , each n ∈ ω and for all a 0 , a 2 , ..., a n−1 ∈ A, b 0 , b 2 , ..., b n−1 ∈ B, if A, a 0 , ..., a n−1 ⇒ ∃ (B, b 0 , ..., b n−1 ), then for each a n ∈ A there exists some b n ∈ B such that A, a 0 , ..., n ⇒ ∃ (B, b 0 , ..., b n ) .
2. A is called a Σ * -nice-algebraically prime model of the theory T , if A is a countable model of T and for each model B theory T , each n ∈ ω and for all a 0 , a 2 , ..., a n−1 ∈ A, b 0 , b 2 , ..., b n−1 ∈ B, if A, a 0 , ..., a n−1 ≡ ∃ (B, b 0 , ..., b n−1 ), then for each a n ∈ A there exists some b n ∈ B such that A, a 0 , ..., a n ≡ ∃ (B, b 0 , ..., b n ).
Theorem 2.3. Let T ∀∃ theory be complete for existential sentences, and let A be a countable model of T . Then (1) ⇒ (2) and (2) ⇒ (3), where:
A is existentially closed and Σ-nice. Theorem 2.4. Let T -is a theory complete for existential sentences. Then any two countable (Σ, Σ)-atomic models of the theory T are isomorphic. Now we consider the admissible enrichment. An enrichment is called admissible if it preserves a definability of the type in any existentially closed extension. The following {P } ∪ {c} -enrichment is admissible.
Let T be an arbitrary Jonsson theory in the first-order language of the signature σ. Let C be a semantic model of the theory T . Let A ⊂ C be a ∇ − cl-a subset in T theory, where ∇ = ∀∃, cl = acl and at the same (A, a 1 , . .., a n−1 ) a1,...,an−1∈A ≡ ∃ (B, f (a 1 ) , ..., f (a n−1 )) a1,...,an−1∈A , where f -is an isomorphic embedding from A to model B. This isomorphic embedding exists because A, being (Σ, Σ)-atomic, is algebraically prime, that is, is isomorphically embedded in any model of the theory T C A . This
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Вестник Карагандинского университета Р е п о з и т о р и й К а р Г У fact follows from [9] . And since A is Σ * -a nice model of the theory of T C A , for any a n ∈ A there is such b ∈ B, such that (A, a 1 , . .., a n−1 , a n ) a1,...,an∈A ≡ ∃ (B, f (a 1 ), ..., f (a n−1 ), b) a1,...,an∈A . Let f (a n ) = b. Hence A ∃ B, т.е. B is an elementary extension with respect to existential formulas. Therefore, B -(Σ, Σ) is the atomic model T We define the concepts and related results necessary for the proof of Theorem 2.9 [9] . Definition 2.13. The formula ϕ(x) is called a ∆-formula with respect to the theory T , if there are existential formulas ψ 1 (x) and ψ 2 (x) such that T |= (ϕ ↔ ψ 1 ) and T |= (¬ϕ ↔ ψ 1 ) Definition 2.14. We will say that the theory T admits R 1 , if for any existential formula ϕ(x) consistency with T there is a formula ψ(x) ∈ ∆ consistency with T such that T |= ψ → ϕ. Definition 2.15. A countable model of the theory T is called a countably algebraic universal model, if all countable models of a given theory is isomorphically embedded into it.
Theorem 2.6. Let T be a universal theory, complete for existential sentences, having a countably algebraically universal model. Then T has an algebraically prime model, which (Σ, ∆) is atomic.
Theorem 2.7. Let T ∀∃ theory be complete for existential sentences, admitting R 1 . Then the following conditions are equivalent:
(1) T has an algebraically prime model; (2) T has (Σ, ∆) is an atomic model; (3) T has (∆, Σ) is an atomic model; (4) T has ∆-nice algebraically prime model; (5) T has a unique algebraically prime model. Definition 2.16. Let A, B ∈ E T and A B. Then a B is called an algebraically prime model extension of A в E T , if for any model C ∈ E T from the fact that A isomorphically embedded in C in its own way, it follows that B is isomorphically embedded in C.
Definition 2.17. [10] . A model A is called a prime own elementary extension B, if A B and for any model C such that C B A is elementary embedded in C.
Theorem 2.8. [11] . A complete theory T ω 1 -categorical if and only if any of its countable models has a prime own elementary extension.
The following theorem describes the properties of T . If the theory T * s model-complete, then any isomorphic embedding is elementary. Since T * is a complete theory, then applying the theorem 2.8 to it, we obtain the required one. 2) ⇒ 1) Applying the 1.1 lemma to the C semantic model of the T C A theory (it exists because T C AJonsson theory), we obtain that the model C is ω-universal. Its power, generally speaking, is greater than the counting one. Therefore, we consider its countable elementary submodel D. Since T C A is a convex and the model C is existentially closed, its elementary submodel D is also existentially closed. Hence we have that it is countably algebraically universal. It now remains to apply Theorem 2.6, according to which the theory T C A has an algebraically prime model A 0 . We define by induction A δ+1 , which is an algebraically prime model extension of the model A δ and A λ = {A δ |δ < λ}. Then let A = {A δ |δ < ω 1 }. Suppose that B |= T C A and |B| = ω 1 . To show that B ≈ A, decompose B into a chain {B δ |δ < ω 1 } countable models. By virtue of the jonssoness theory of T C A this is possible. Define the function g : ω 1 → ω 1 and the chain {f δ : A gδ → B|0 ≤ δ < ω 1 } isomorphisms by induction on δ:
1. g 0 = 0 and f 0 : A 0 → B 0 . 2. g λ = {g δ |δ < λ} and f λ = {f δ |δ < λ}. Р е п о з и т о р и й К а р Г У
